The coating design for mirrors used in interferometric detectors of gravitational waves currently consists of stacks of two alternating dielectric materials with different refractive indexes. In order to explore the performance limits of such coatings, we have formulated and solved the design problem as a multiobjective optimization problem consisting of the minimization of both coating transmittance and thermal noise. An algorithm of global optimization (Borg MOEA) has been used without any a priori assumption on the number and thicknesses of the layers in the coating. The algorithm yelds to a Pareto tradeoff boundary exhibiting a continuous, decreasing and non convex (bump-like) profile, bounded from below by an exponential curve which can be written in explicit closed form in the transmittance-noise plane. The lower bound curve has the same expression of the relation between transmittance and noise for the quarter wavelength design where the noise coefficient of the high refractive index material assumes a smaller equivalent value. An application of this result allowing to reduce the computational burden of the search procedure is reported and discussed.
Introduction
The first direct detection of gravitational waves (henceforth GW) by the LIGO [1] and Virgo [2] detectors, and the recent Multi Messenger observation of GW170817 -GRB 170817A -SSS17a/AT 2017gfo marked the birth of Multi Messenger Astronomy (MMA) [3, 4] . Increasing the visibility distance of the operating GW detectors is a needed step to deploy the full potential of MMA. Thermal (Brownian) fluctuations in the high-reflectance (HR) coatings of the test-masses is presently the dominant noise source in interferometric GW detectors [5] setting their ultimate visibility distance in the (40-300) Hz band, where all recent detections have been made. Notably, efforts to reach and beat the quantum noise limit will be meaningful only after a significant reduction of coating thermal noise is achieved.
Reducing coating thermal noise is thus the top current priority in GW detectors R&D [6] . The current research direction in coating technology explore two promising options for reducing coating thermal noise as needed by new generation detectors, namely the search of new material (e.g. crystalline materials [7] nm-layered composite materials [8] , Silicon Nitrides [9, 10] etc.), and the optimization of coating design, and deposition parameters to achieve the best relevant figures of merit (low optical and mechanical losses, high optical contrast).
In this paper we focus on optimization of the coating structure adopted in advanced LIGO and advanced Virgo. High reflectance test-mass coatings consist of multilayers of alternating low and high refractive index materials (silica and 14.5% titania-doped tantala in the advanced LIGO and Virgo [11, 12] ), which must provide the required reflectance with minimal thermal noise [13] .
High reflectance optical coatings typically consist consists of a stack of identical high/low index layer pairs or doublets, where each layer is quarter wave thick at the operating frequency [11] . This design features the minimum number of layers to achieve some specified reflectance, but does not yield the minimum noise among all possible iso-reflective designs (see [13] chapter 12 ).
An alternative design consisting of a stack of identical doublets (with the exception of the terminal top/bottom doublets) with non-quarter wave layers was proposed in [14, 15] and further explored in [16] , and shown to outperform the classical quarter wavelength design.
In this paper, we formulate for the first time to the best of our knowledge a multiobjective coating optimization problem consisting in the minimization of both coating transmittance and thermal noise. We use a global optimization method (Borg MOEA [17] ), making no a priori assumptions about layer thicknesses, and we find a simple closed form lower bound of the general coating performance in the transmittance-noise plane. Also, the end-tweaked stacked-doublet coating structure of the optimized coatings assumed in [13, 14, 15] on the basis of partial evidences, is obtained in a rigorous way.
The paper is organized as follows: in Sect. 2 and 3 we introduce the optical and thermal-noise model. Constrained optimization and the multiobjective formulation are discussed in Sect. 4. The results are collected in Sect. 5, conclusions and recommendations for future research follow in Sect. 6.
Coating optical modeling
Let us consider a coating consisting of a multilayer placed between two homogeneous dielectric half-spaces with refractive indexes n (0) and n s , respectively (see Fig.1 ). The rightmost half-space (with refractive index n s ) is the substrate, while the leftmost one is the vacuum. Let a monochromatic plane wave impinge normally on the coating from the vacuum. The optical reflections and transmission properties of a multilayer structure can be computed in a closed form using the characteristic matrix method [18, 19] .
The characteristic matrix of the m− th layer can be written [20] :
where
λ 0 and d m are the free space wavelength and the layer thickness, respectively, and n (m) is the complex refractive index
where κ (m) is the extinction coefficient. The optical response of the whole coating can be computed from the multilayer characteristic matrix,
where N L is the total number of layers numbered from the vacuum to the substrate as illustrated in Fig. 1 . The complex reflection coefficient Γ c at the vacuum/coating interface is given by:
where n c is the effective refractive index of the whole multilayer structure,
The power transmittance at the vacuum/coating interface
The average power density dissipated within the coating can be computed as the difference between the average power density flowing into the coating at the first interface (vacuum/coating) P in and the power density flowing into the substrate (last interface ) P out . The input power is
where E (0),+ t is the incident transverse electrical field at the vacuum/coating interface and Z 0 = µ 0 / 0 is the characteristic impedance of the vacuum. The power density flowing into the substrate is given by using the definition of Poynting vector as follow
where E (N L ) t and H (N L ) t are total transverse electric and magnetic fields at the last interface. The complex ampli-
The thermal noise model
The power spectral density of coating thermal noise is given, under suitable simplifying assumptions, by [13] 
where f is the frequency, T is the (absolute) temperature, w is the(assumed Gaussian) laser-beam waist, and σ s and Y s are the Poisson and Young modulus of the substrate, and the coating loss angle φ c is
φ m and Y m being the mechanical loss angle and the Young's modulus of the m−th layer, respectively. According to eq (10), increasing the beam-width w and lowering the temperature T result in a reduction of coating noise [13] . Using wider (e.g., higher order Gauss-Laguerre) beams is another option, also being currently investigated [21] . Decreasing T works for coating materials that does not exhibit mechanical loss peaks at the (cryo) temperatures of interest [22] . Current research is accordingly focused on finding (synthetizing and optimizing) better materials featuring low optical absorption and scattering losses, low mechanical losses down to cryo temperatures, and high optical contrast (allowing fewer layers to achieve a prescribed transmittance, resulting into thinner coatings and lower noise). In this paper we focus on reducing the coating loss angle φ c by optimizing the layer thicknesses.
Coating optimization
In this section we focus on the optimization of the coating structure sketched in Fig.1 . Let us use the suffixes S,L,H to identify substrate (S), low (L) and high (H) index material, respectively. In the following we consider a coating consisting of N L layers beginning with the high refractive index materials 1 at the vacuum/coating interface .
As a consequence of the above assumptions
With this assumptions the coating noise angle becomes:
Defining the normalized loss angleφ c = φ c /(λ 0 η L ) and introducing the normalized physical length z m = d m /λ 0 , where λ 0 is the free space wavelength, we have:
where the noise ratio coefficient γ = η H /η L can be explicitly written as:
In the case where the refractive index n L is the same as that n s of the substrate material (as in current GW detectors) N L is taken as an odd number 2 .
Constrained optimization formulation
A straightforward formulation of the coating optimization problem for the design of low noise dielectric mirror can be: Minimize
where the constraint transmittance τ 0 should be typically a few ppm. Note that, in view of the transmittance constraint, problem (17) is non-linear and non-convex. The search space Ω is defined by the inequalities 0 ≤ z m ≤ 0.25/n H for odd m and 0 ≤ z m ≤ 0.5/n L for even m.
An alternative way to formulate the optimization problem is Minimize
whereφ 0 is a prescribed maximum allowed loss angle.
Multiobjective optimization formulation
The optimum coating design problem has been formulated in two alternative ways not necessarily equivalent in eq.s (17) and (18) . Let us introduce the multiobjective optimization:
Minimize
Solving problem (19) in the framework of multiobjective optimization means to find its tradeoff curve, also referred as the Pareto front or Pareto boundary, in the [φ c , τ c ] plane. Each point belonging to the Pareto front corresponds to a sequence z m , m = 1, ..., N L of layer normalized thicknesses.
In order to define the Pareto front of (19) the concept of dominance [23] has to be introduced, to define a suitable ordering rule in the [φ c , τ c ] plane. A physically feasible solution A in the space [φ c , τ c ] dominates another (different) physically feasible solution B if the coordinates of A are orderly less or equal to those of B. The set of physically feasible solutions, for which no physically feasible dominant solution exists, is the Pareto front of the multiobjective optimization problem. Let us note that the problem (17) can be solved using the Pareto front of (19) , by choosing the point on the Pareto front with transmittance component equal to τ 0 . Similar considerations can be done for the problem (18) , which can be solved by taking the point on the Pareto front with noise component equal toφ 0 . Furthermore, the properties and structure of the Pareto front can give some hints on the relationship between problem formulations (17) and (18).
Numerical solution of multiobjective optimization problem
Many algorithms, based on different global multiobjective optimization tools, are available in order to face the problem of Pareto front computation for high dimensional problems. These algorithms generally use a suitable sampling method of the physical feasible configuration space, enabling the reconstruction of the Pareto front ( e.g. NSGA-II, NSGA-III, -MOEA etc. see [24] ).
In this paper we perform a numerical exploration of the Pareto front (19) using a state of the art, public domain Multi Objective Evolutionary Algorithm (MOEA) named Borg MOEA [17] , that uses an evolutionary strategy appropriate for continuous variables. The algorithm is implemented as a package [25] written in the Julia language [26] .
Most multi objective algorithms use mutation, crossover and selection operators, that do not change throughout the execution program. The Borg MOEA uses different operators from existing MOEAs and adopts them adaptively on the basis of their success in the search. The evaluation of the progress, the adaptation of the population size and the increasing of the archive with new solutions help the algorithm to continue the progress and prevents it from being trapped in some loop for the entire runtime. The goodness of numerical solutions given by the Borg MOEA are compared with reference solutions. We consider for comparison with the Borg MOEA optimized design, the coating structure which is currently used in Virgo/LIGO test masses [12] , consisting of alternating quarter wavelength layers of SiO 2 / Ti-doped Ta 2 O 5 deposited on a fused silica substrate. The physical parameters used in our simulations are reported in Table 1 .
Pareto front convergence and structure
It is well known that deterministic stopping criteria for global evolutionary optimization algorithms are unavailable. Therefore, in order to investigate the convergence of the used algorithm, we computed the Pareto fronts with N L = 11, 15, 19 for increasing evolution times T s = 10 4 , 2 × 10 4 , 5 × 10 4 , 10 × 10 4 , 20 × 10 4 sec. The numerical estimated maximum absolute deviations (i.e. the uniform norm distance between Pareto curves at T s and T s /2) are reported in Table 2 showing that the Pareto fronts do not change significantly for T s ≥ 5 × 10 4 sec. As a consequence, we took (ad abundantiam) T s ∼ 10 5 sec in our simulations.
In Fig. 2(a) we display Pareto fronts for the cases N L = 11 (2) 19, i.e. from 11 to 19 with step 2. It is seen that the Pareto fronts exhibit several bumps, whose number is equal to the number N D of high refractive index material layers.
The bumps are less visible in the lower transmittance region. In Fig. 2 (b) ,(c),(d) the sequences of layer thicknesses corresponding to the square green markers in Fig.  2(a) are displayed. It can be noted that the bump with lowest transmittance (N b = 1 in Fig. 2(b) ) corresponds to a mirror configuration with all layer thicknesses different from zero. Moreover, we note that the rightmost red point of the bump N b = 1 corresponds to the quarter wavelength design with N L = 19. This is in agreement with the well known quarter wavelength design property of minimizing transmittance in the cases of multilayer reflectors made of negligibly absorbing materials [27] . The next bump N b = 2 corresponds to a mirror design where the thickness of a single layer of high refractive index has been practically set to zero (see Fig. 2(c) ). For the case N b = 3 illustrated in Fig. 2(d of low index material is set to zero; this implies that the two nearby high refractive index layers merge toghether and can be considered as a single layer. We found that the above behaviour can be generalized to all bumps, i.e. the generic bump N b = k fairly corresponds to a multilayer structure with N D − k + 1 high refractive index layers. This feature is a general characteristic of the Pareto front of dielectric mirror multiobjective optimization, which are, in summary, continuous, decreasing, and nonconvex (bumpy) curves. The continuity of multiobjective tradeoff curves implies that the problems (17) and (18) are mathematically equivalent. In fact if we consider a generic point [φ 0 , τ 0 ] on the Pareto front, we find thatφ 0 is the solution of problem (17) with constraint τ 0 , while τ 0 is the solution of problem (18) with constraintφ 0 .
In order to consider design configurations that exhibit performances of potential interest for present GW interferometer detectors, we performed simulations for coating multilayer up to N L = 39 with the physical parameters reported in Table 1 . In Fig. 3 we display the Pareto curves (blue lines) for N L ranging from 11 to 39 with step 4. The red points in Fig. 3 are the quarter wavelength design which are located on a curve that can be written (under some approximations) as a straight line in the loglinear axes scale of the plane [φ c , τ c ]. The equation of the straight line is (see Appendix for details):
The tradeoff curves asymptotically locate near to a straight line (green line in Fig. 3 ) in the plane [φ c , τ c ] with a log-linear axes scale. The equation of this line turns out to be the same eq. (20) where the noise ratio coefficient is reduced to an effective value γ e = 7.9, computed by regression of Pareto front data. We conjecture that this curve is a lower bound for all tradeoff curves in the region of low transmittance (τ c ≤ 0.1) above the Koppelmann limit [28] , that is placed at τ c ∼ 10 −7 for the parameters reported in Table 1 . The Koppelmann limit is also the order of magnitude of normalized energy absorption (assorbance) in the sought design in Fig. 2 (b)(c)(d) and in the following. The horizontal dashed red line τ c = 6 ppm shown in Fig. 3 corresponds to the target transmittance required for the design of dielectric mirrors used in GW detectors. The quarter wavelength coating with N L = 35 is the reference design because it matches the target transmittance with the lowest normalized noise.
It is clear that each tradeoff curve with N L ≥ 35 contains layer configurations satisfying the constraint τ c ≤ 6 ppm and showing a reduced normalized noiseφ c with respect to the quarter wavelength reference design.
In figure 4 (a)(b)(c) the layer thickness configurations obtained by the intersections between tradeoff curves with N L = 39, 41, 43 and the horizontal transmittance line τ c = 6 ppm are displayed. These configurations give a reduction of the normalized noise with the respect to the quarter wavelength reference design of about 15.5%, 15.9%, 15.9% respectively. Note that the designs reported in Fig. 4 (a) and 4(b) belong to the first bump of the tradeoff curves N L = 39, 41 respectively, while the configuration in Fig. 4(c) belongs to the second bump of the Pareto front N L = 43. Moreover, let us note that the thickness sequences look like a truncated periodic configuration except for the first two layers and the last one. The normalized physical length of the internal layers with high and low refractive index materials are z H ∼ 0.081 and z L ∼ 0.22, respectively, corresponding to normalized optical lengths n H z H ∼ 0.17 and n L z L ∼ 0.32, whose sum is less than 0.5.
In view of the uncertainty in the measurements of the specific loss angle coefficient, we have performed all the above simulations considering the same refractive indexes n H , n L and n s (see Table 1 ) and changing the noise ratio coefficient in the range γ ∈ [7, 10] . All of the above findings are confirmed. We report in Fig. 5 a summary of the relevant results. In particular, the noise reduction of the optimized coating structure with respect to the reference quarter wavelength design and the effective γ e noise ratio coefficient are reported as functions of γ in Fig. 5(a) Table 3 : Normalized noiseφ c of the optimum design. The target transmittance τ c and the number of layers N L are reported in the first column. For these parameters, the minimal loss angles, obtained with different optimization procedures are displayed in the other columns. 5(b), respectively. We have shown that both the noise reduction (gain) and the effective noise ratio γ e are almost linear, increasing functions of the noise ratio coefficient γ.
The above parametric exploration has been done exploiting the possibility in reducing the computational burden for the calculation of the limiting curve of Pareto fronts. Indeed the bound given by eq. (20) can be evaluated only for two value of N L in a moderately low τ c region, and than extrapolated via mono-parametric regression to the whole low transmittance region above the Koppelman limit.
The tweaked periodic solution and the mixture checks
We have found that the thickness sequences look like a truncated periodic configuration with the exception of the two topmost layers and the last one. This result corroborates the working hypothesis used in previous papers [14, 15] . As a further check, we have implemented a code to face the tweaked periodic truncated design problem where the search space Ω is reduced to a five-dimensional space by setting z 1 = x 1 , z 2 = x 2 , and z N L = x 5 for the first two layers and the last one in the dielectric mirror. In the remaining layers for all m odd in the range N L > m > 1 we set z m = x 3 , and for all m even in the range N L > m > 2 we set z m = x 4 . In Table 3 we report the tweaked and the complete multiobjective solutions. We note that in terms of noise reduction an agreement on the first four decimal figures is found. We have also considered the periodic truncated design with a two-dimensional search space Ω.
The results shown in Table 3 evidentiate a deviation of the periodic truncated design with respect to the full evolutionary solution. This difference in the tradeoff curve increases in the low transmittance region.
A final check has been carried out in order to verify whether it is convenient to substitute the high refractive index material (noisier material) with a layered mixture of this material and the low index one. To this end we expand the search space including for the high refractive layers (modeled like a mixture with layered inclusion) an additional variable ξ i which account for the percent of high refractive index material present in the layered mixture. In the case of layered inclusion the mixture refractive index can be modeled following [29, 30] and is n 2 H ξ i + n 2 L (1 − ξ i ) , while the normalized thermal noise ratio becomes γξ i + (1 − ξ i ). The multiobjective simulations performed in the expanded N L + N D -dimensional space Ω, using the same parameters of Table 1 and for different values of N D , shown that the Pareto tradeoff curve does not change because the algorithm automatically finds that ∀i : ξ i ∼ 1. This result implies that mirror design made of true (i.e. with ξ i < 1) layered mixture solutions are located above the binary coating Pareto fronts.
The failure of this check definitively gives an answer on the optimality of mirror design with subwavelength layered inclusions in the case of coatings made of two materials, and also establish that it is not convenient to arbitrarily increase N L , keeping fixed τ c , to search the optimal solutions.
Conclusions
In this article we faced the problem of optimizing the design of binary (two-materials) coatings for GW detectors by formulating and solving a multiobjective optimization problem. This approach allowed us to minimize both the transmittance and the thermal noise. While the values of the refractive indexes and the number of the layers are given, no a priori hypothesis on the thickness of the layers was made in the multiobjective optimization problem, tackled using a global optimization method (Borg MOEA) in a search space with a dimension equal to the number of layers.
We have shown by extensive numerical simulation based on Borg MOEA algorithm the existence of a Pareto tradeoff boundary which is a continuous, decreasing, and non-convex (bump-like) curve. In particular, continuity implies that the multiobjective approach (19) is equivalent to the constrained single-objective optimization problems (17) and (18) . A solution (i.e. a mirror design) on the Pareto front corresponds to a sequence of layer thicknesses.
The thicknesses sequences on the Pareto boundary look like truncated periodic configurations except for the first two layers and the last one. In view of this result (see also [14] ), we faced the optimization problem in a search space with a reduced dimension. We have considered the adapted periodic (five-dimensional search space) and the truncated periodic (two-dimensional search space) sequence. The performance of the tweaked (adapted) periodic sequences are comparable to the performance of the sequences obtained by the solution of the full multiobjective problem. The periodic design is outperfomed by the multiobjective design especially in the low trasmissivity region.
We have also shown that the Pareto fronts are bounded from below by an exponential curve in the transmittancenoise plane (20) . This curve has the same expression of the approximate relation between transmittance and noise for the quarter wavelength design, except for the noise ratio coefficient which assumes a reduced effective value. A possible application of eq. (20), consisting in the reduction of the computational burden for the calculation of the Pareto fronts, has been implemented for a parametric exploration in a suitable γ range.
The noise reduction (∼ 16% for realisitc cases) has been shown to be (more or less) a linear, increasing function of the noise ratio coefficient γ.
There is no possibility to ameliorate these performances by using instead of high refractive index material a mixture made of layered inclusions of low refractive index materal, with subwavelength thicknesses, placed inside the high refractive index material.
We are confident that the method used in this paper can be generalized to the analysis of the coating design of dielectric mirror with three or more different materials, to be discussed in a future paper. quarter wavelength design
In this appendix we compute the transmittance as a function of thermal noise for a quarter wavelength coating. The reflectivity of a quarter wavelength multilayer made of N L = 2N D − 1 alternating layers with high and low refractive indexes n H and n L , respectively, placed on a substrate with refractive index n s = n L is:
where n H /n L ≥ 1. In view of eq. 
On the other hand, specializing eq. (15) for the quarter wavelength design, the normalized loss angleφ c can be written as a function of N D
Solving (25) for N D and plugging into (24) 
